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Abstract. We characterize the weighted Hardy's inequalities for monotone functions in WL. 
In dimension n = 1, this recovers the classical theory of B p weights. For n > 1, the result was 
only known for the case p = 1. In fact, our main theorem is proved in the more general setting 
of partially ordered measure spaces. 
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The theory of weighted inequalities for the Hardy operator, acting on monotone functions in 
M + , was first introduced in j2j. Extensions of these results to higher dimension have been 
considered only in very specific cases. In particular, in the diagonal case, only for p = 1 (see 
The main difficulty in this context is that the level sets of the monotone functions are 
not totally ordered, contrary to the one- dimensional case where one considers intervals of the 
form (0,a), a > 0. It is also worth to point out that, with no monotonicity restriction, the 
boundedness of the Hardy operator is only known in dimension n = 2 (see [T^], [T2j, and also 
jHj for an extension in the case of product weights). 

In this work we completely characterize the weighted Hardy's inequalities for all values of 
^ ■ p > 0, namely, the boundedness of the operator: 

O . where 
03 
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and L^ ec (u) is the cone of positive and decreasing functions, on each variable, in L p {u) = 
L P (M^, u(x) dx) (we consider, for simplicity, n = 2, although the result holds in any dimension). 

The techniques we are going to use were introduced in [H] , for the one- dimensional case, and 
apply also to a more general setting, which we now define: 

We will consider a family of cr-finite measure spaces (X,fi x ) (where /i x is a measure on X, 
for each x G X), with a partial order < satisfying: 



s f( s , t ) = —[ [ f(x,y)dydx, 
'o Jo 
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1. If X x := {u G X : u < x}, then < restricted to X x is a total order. 

2. If D is a decreasing set, with respect to the order < (i.e., xd is a decreasing function), 
then D is measurable. 

3. fi x (X x ) = 1 (observe that X x is a decreasing set). 

4. If u G X x , then ^(y) = fi x {X u )d^ u (y). In particular, fi x (X u )fi u (X x ) = 1. 
The main examples are: 

• X = K + with the usual order, and n x {E) = x -1 ^). This is the case considered in j2j. 

• X is a tree with the usual order on geodesies, and /j, x (E) = Caxd(E)/\x\, where \x\ = 
Card([o, x]) and [o,x] is the geodesic path joining the origin o with any vertex x of the 
tree. For more information on this case, see jlOj and the references quoted therein. 

• with the order given by (ai, bi) < (a 2 , 62) if and only if, a\ = a 2 and bi < 62 (we could 
also choose to fix the second coordinate). For x = (a, b) G R^, 



fi x (E) = b- 1 [ 

JEn({a} 



dt. 

xR + ) 



• In many cases, we can easily get the existence of the family of measures fi x by taking a 
non-negative measure /1 on X, and defining \i x = fj,/fi(X x ). 

We now define the Hardy operator as follows: 

s f( x ) = [ f{u)dfjL x {u). 



This definition is similar to the one considered in [5^ For the case of 



Sf(x) = - f f{t)dt. 

X 







On a tree, 

m 



sf(x) = Yl 

ye[o,x] 



\x\ 



and for M^_, 



1 r b 



Sf(a,b) = - I f(a,t)dt. 



o 



One of the main techniques we are going to use is the following lemma. This is a kind of 
integration by parts: 
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Lemma 1.1 Let (X,/j,, <) be a finite measure space with a total order <, and a G R. Then, 
there exists a constant C a which depends only on a (and not on (X,/i, <)), such that 



d[i\ < C a / ( / d/j, ) d/j,(u). 
Jx J Jx V Jx u J 



Proof: Since n(X) < oo, dividing both sides by (/i(X)) a , it suffices to show that 

1 <C a f <p a - l (u)dfi(u), 
Jx 

where (p(u) = fx(X u ), and fJ>(X) = 1. 

If a < 1, using that < </? < 1, then <^ a ~ 1 (-u) > 1, and 

I ^ Q_1 H^H > = 1. 

If 1 < a < 2, then <^ a_1 (-u) > y?(-u), and hence it suffices to prove it for a = 2. 
If 2 < a, using Jensen's inequality: 

a-l 



J (p(u)dfi(u)^j < j ip a 1 (u)d/i(u), 



and as before, it reduces to the case a — 2. 
Finally, if a = 2, 



/ ( / dfi(x) J = / I / dfx(u) I 

= / II—/ <i/i(-u) J 

il V </{£>«} / 



= 1 



/ / dfi(u) dfi(x) + / / d/j,(u) dfji(x) i 

JX J{u<x} Jx J{u=x} 



(here we used that the order is total). Thus, 

x (X d ^ - 2~' 



□ 



2 Weighted Hardy's inequality 

In this section we will prove the main theorem. In order to include all the examples, we need 
to consider a second weaker order -< satisfying: 



3 



1. If x < y, then x -< y. 

2. If / is ^-decreasing, then Sf is ^-decreasing. 

We recall that we still keep < to define the operator S. 

Remark 2.1 

• We can (and will in some cases) take -< to be <. In fact, we only need to check that the 
second condition holds for <: If / is <-decreasing, and u < x, then Sf(x) < Sf(u) if 
and only if, 



(here we have used that d/i x (y) = /i x (X u )dii u (y)), and this follows from the fact that 
inf f\x u > supf\ Xx \x u - 

• If a function / or a set D are -<-decreasing they are also <-decreasing. 

• The main example we have in mind is < in as before, and -< the order given by the 
rectangles (which is clearly a weaker order): (ai, b\) -< (a 2 , b 2 ), if and only if a x < a 2 and 
bi < b 2 (i.e., the rectangle in determined by the origin and (a±, b±) is contained in the 
one determined by the origin and (02, 62))- To show the second condition, assume that / 
is a function decreasing on each variable. Then, it is obvious that y~ l f(x, t) dt is also 
decreasing on each variable. 

• We denote by LF^dv) the class of ^-decreasing functions in L p (du). As a general assump- 
tion, we will only consider cases for which measurability of the functions involved always 



Theorem 2.2 Let (X,fi x , <) and -< satisfy the conditions given above, for all x £ X . Let dv 
be a measure on X , and p > 0. Then, the Hardy operator is bounded 




holds. 



S : V^dv) -> L p (dv) : 



if and only if, there exist a constant C > such that, for all ^-decreasing sets D, 




X\D 



(1) 
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Proof: Consider / = xd, where D is -<-decreasing. Then (Sf) p (x) = [i p x (D n X x ), and hence 

\\Sf\\l P{dv) = / i4(Dnx x )dv(x) 

J X 

= [ n p x {D n x x ) dv{x) + [ t4(D n x x ) du(x) 

Jd J x\d 



Thus, 



>X\D 

< Cv{D). 



H*(D n X x ) dv(x) < Cv{D). 

X\D 



Observe that since D is also <-decreasing, if x G D, then X x C D, and so /^(-D n X x ) = 
l4(X x ) = I. Therefore, J D fi p (D n dv{x) = v(D). 

Conversely, if p > 1 and / G L^du), using the lemma with (X x ,fi, <) and d/i(-u) = 
f(u)d/i x (u), we have that, for a constant C which does not depend on either / or x, 

{Sf) p {x)=(f f(u)d^ x (u)Y <C f (f f(y)df, x (y)Y f(u)d^ x (u) 

\ J X x / J X x \ J X u / 



= C f (f /(l/)<Wl/)Y f(u)n p -\X u )dLi x (u) 

J Xx \ J X u / 
poo n 

= C / n p -\X u )dn x {u)dt, 
Jo J{g>t}nx x 

where g(u) = (S f) p ~ l (u)f(u). Hence, 

\\Sf\\l Hdu) <C I f f fi7\X u ) d^ x {u) dtdv{x) 

Jx JO J{g>i}C\X x 

» / f [ ^(X^d^dtduix) 
Jx Jo J{g>t}nx x 

+ / / / ii p -\X u )dii x {u)dtdu{x) 

Jx Jq(x) J {q>t\C\X x 



= 1 + 11. 

Since X u C X x , if u G Xj., and p > 1, then 

ca(x) 



7 < 



/ f ^WM**)*^^ / g(x)du(x). 
Jx Jo Jx 



Since both Sf and / are ^-decreasing, and p > 1, then g is -<-decreasing and {<? > t} is a 
-^-decreasing set. Also, if u G {g > t} fl X x , then X u C {(? > t} fl X x , and hence 



J{9>t}nx a; 



Therefore, using the hypothesis, 

poo P 

II < / nl({g > t} fl X x ) dv(x) dt 

JO JX\{g>t} 

poo p n 

<C / dv(x)dt = C g(x)du(x). 

JO J{g>t} Jx 

So, using Holder's inequality, 

\\Sf\\ p LP(du) <C j (5/)^)/(^)^(*)<^l|5/ll^)ll/ll^)- 

From this a priori estimate, one obtains the general result by a standard density argument. 
If < p < 1, and / e L p ^(dis), set D t = {f > t}, and 



= / d(JL x {u). 

JD t nx x 

Then, using the embedding L^it^ 1 ) !— * ( see IE1)> we have (observe that g x is a decreasing 
function): 



P \ l/P / /• / /-co \ p \ i/p 

f(u)djj x (u)\ dv{x) =( / ( / ^(*)^J <Ma;) 



x / / wx wo 



Vp 

<C[ I I t p -\g x {t)Ydtdv{x) 




X JO 



Since ^(t) < fi x {X x ) = 1, then 

/»00 /» /'CO /» -l 

/ t p ~ X I (9x(t)) p dv(x) dt < / t^ 1 dv{x)dt=-\ 

Jo J D t Jo J D t V 

On the other hand, using the hypothesis (observe that D t fl X x is a decreasing set), 



C 

o Jx\D t Jo Jo t V 



t v ~ x I (g x (t)) p du(x) dt < C I t?- 1 I dv(x)dt = -\\f\\ p LP{dri . 



Therefore, 

\ p \ i/p 
f(u)dfj, x (u) J dv(x) J < CH/IIlp^). 

□ 
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The following results follow easily by particularizing on each case condition ((TJ of Theo- 
rem! 



Corollary 2.3 

1. (Case of equality of orders -< and <) Let (X,fi x ,<) satisfy the conditions given 
above. Let dv be a measure on X, and p > 0. Then, the Hardy operator is bounded 

S : L p s {dv) -> L p {du), 

if and only if, there exist a constant C > such that, for all <-decreasing sets D, 

( n P x {D n X x ) dv{x) < Cv{D). 

JX\D 

2. (Case of R + ) Condition (QJ) of Theorem\2~E is: 



roc rr 

/ &M*)<c 

Jr x JO 



dv{x) 



for all r > 0, which is B p . 
3. (Case of a tree T) Condition (QJ) of Theoremu. . is: 



xGT\D 1 1 iGD 

where x\/ D is the largest vertex in [o, x]DD. 
4. (Case of R 2 + ) Condition <Qp 0/ Theorem [Q za: 



dv(x,t) < C / dv{x,t) 



l\D tP J D 

where D x = {t > : (x, t) G -D}, and -D is any decreasing set (on each variable). 

Remark 2.4 As we have mentioned above, the case of M + was first considered in [2]. B p 
weights are well understood and enjoy a very rich structure (see also [Hj, [0], and [Zj for an 
account of B p and normability properties of weighted Lorentz spaces). 

The discrete case N is a particular case of a tree, and can be found in Weights for a 
general tree were studied, without the monotonicity condition, in jHj and jTj. It is easy to prove 
that a weight satisfying Corollary 12.31 (3) must necessarily be in B p (N) (uniformly) on each 
geodesic (see |Zj), but the converse is not true in general. 
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We want to give a new example which shows that, even in dimension one (X = 
Theorem 12.21 can provide new results: 

Set X n = (n, n + 1), n G N U {0}, and define the order x < y if and only if x, y G X n (i.e., 
[x] = [y]) and x < y (the usual order in Define also the measures dfi x {y) = dy/(x — [x]) 
(in fact we only consider non-integer positive numbers). We introduce three different kinds of 
additional orders: 

• x -<2 y [a?] < [y] and a; — [a;] < y — [?/]. 

• i ^3 ?/ [i] < [?/] or i -4 ?/ (i.e., x < y). 

It is easy to check that, in all cases, the orders < and -<j, j = 1, 2, 3, satisfy the hypothesis 
of Theorem 12.21 Observe that, for this example (i.e., for the order m), the operator is of the 



which is a Hardy type operator with variable end-points (more general operators, with no 
monotonicity conditions on the function, have been considered in ^l]). For each j = 1, 2, 3 we 
have that the function / is -^-decreasing if: 

- Case -<i: / restricted to (n, n + 1) is decreasing, for every jigNU {0}. The decreasing sets 
are of the form U n > (n, n + a n ), where a n G (0, 1). 

- Case -< 2 - f restricted to (n, n+1) is decreasing, for every nGNU {0}, and f(x) > f(x + 1), 
x > 0. The decreasing sets are of the form U n >o(n, n + a n ), where < a n+ i < a n < 1. 

- Case f is decreasing for the usual order <. The decreasing sets are of the form (0,a), 
a > 0. 

A direct application of Theorem 12.21 gives: 

Corollary 2.5 Let u be a weight in IR + . Then, S M : L^.(u(x) dx) — > L p (u(x) dx) (j = l,2,3), 
if and only if, 

Case -<i: For every sequence {a n } n C [0, 1], 



form 




00 rl f \V 00 ran 

( — ) u{n + t)dt<Cj2 u{n + t) 




dt. 



(2) 



Case -<2 : For every decreasing sequence {a n } n C [0, 1] 



u{n + t)dt<C^ u{n + t) 



dt. 



(3) 



Case -< 3 : For every iiGNU {0} and a G [0, 1], 

u{n + t)dt<C I u{t) alt. (4) 



1 / \ V /-n+a 



t 

Remark 2.6 We observe that (J2J) of Corollary 12. 51 is stronger than (J3J), which follows from the 
fact that the order -<i is stronger than -< 2 . Similarly for -< 2 an d -<3 (in fact, to see that (@J is 
weaker than (JHJ), given n G NU {0} and a G [0, 1], it suffices to consider the decreasing sequence 
ao = ■ • ■ = a n _i = 1, a n — a, and ap. — 0, k — n + 1, • • •). 
Also, if / is decreasing (for the classical order <), then 



s+f(x)<sf(x)=- r f(t)dt. 

x Jo 



Therefore, we obtain that the boundedness of S on L<(u(x) dx) (i.e., the classical B p condition 
in [2j) is stronger than (J2|, since -<3 = <. A direct argument for this fact follows from the 
inequality 



x — [a] 

a > a — [a , x > a. 

x 



3 Weights in B P (WL) 



We will now show how to apply our previous result to obtain the weighted inequalities for 
the multidimensional Hardy operator, acting on decreasing functions. For simplicity we will 
only consider the case n = 2, the general case being an easy extension. We first introduce the 
following notations: 

1 f x 1 f y 

Sif(x,y) = - f(s,y)ds, S 2 f(x,y) = - f(x,t)dt, 

x Jo y Jo 

Sf{x,y) = — / / f(s,t)dtds = S 1 {S 2 f)(x,y) = S 2 (S 1 f){x,y). 

xy Jo Jo 

We denote by D x = {t > : (x,t) G D}, and D y x = D n ([0,x] x [0,y]). L p dcc (u) is the usual 
cone of functions in L p (u), which are decreasing on each variable. Then, we have: 

Theorem 3.1 If < p < oo, the following are equivalent conditions: 

(a) S:L p dcc (u)^LP(u). 

(b) There exists a constant C > such that, for every decreasing set D: 



\D y \ p 

-^—u{x 1 y)dxdy<C I u{x,y)dxdy. (5) 



\d (xy) p JD 
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(c) S u S 2 :L p d Ju)^D'(u). 
Proof: 

That (a) implies (b) follows as usual: Taking / = xd, and using the fact that 



Sf(x,y) 



\D%\ 



xy 

then (JHJ is a consequence of the hypothesis. 

To show that (b) implies (c), we observe that if (x,y) ^ D, then 



[0, x] x D x C D 

and hence, x|Ar| < \D^\. Therefore, 



Dr\ p f \D y \ p 

u(x,y) dx dy < j y—^—u(x,y)dxdy 



_\d V p " "•■ ' .//; (xy) 

< C u(x, y) dx dy 



J D 

and the result follows from Corollary 12. HI (4). Similarly for Si. 

(c) implies (a): Iterate and observe that Sjf is decreasing if / is decreasing. □ 

Remark 3.2 The iteration technique used to prove Theorem 13.11 can be extended very easily 
to other settings. For example, we could consider in N 2 the operator 



1 n m 

S({a n , m } n , m ) = — EE H 

nm J 



nm 

j=l k=l 

acting on decreasing two-indexes sequences, and obtain the characterization of the bounded- 
ness of S on the weighted sequence spaces ^ p ({M n ,m}n,m), for general weights {u ntm } n , m) which 
improves some of the results in j3] proved only for product weights. 

Condition (JHJ) in R™ takes the following form: 
I r u(xi, . . . , x n ) axi ■ ■ ■ ax n < G / u{xi, . . . , x n ) dxi ■ ■ ■ ax n , 

Jr™\D \ X 1 ' ' ' X n) P J D 

which will be denoted by u e B p (W£). Observe that since |Z)n([0, x%] x • • • x [0, x n ])\ < X\ ■ ■ ■ x n , 
then B p (Rl) C B q (R%), if p < q. 

We will now prove that, as in the one- dimensional case (see [2j for the original result and 
[TB] for a different proof, related to the one we will use), S p (R") satisfies the p — e condition. 
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Theorem 3.3 If u G B p {WV), 1 < p < oo, then there exists an e > swc/i t/ia£ u G -B p _ e (IR™). 

Proof: We will only consider the case n = 2 (n > 3 follows similarly). Using Theorem 13. 1\ it 
suffices to show that Sj : Lj~ £ (m) — > L p ~ e (u), j = 1, 2, and by symmetry, we may only consider 
the case j = 2. Take any decreasing set D C R+. Then there exists a decreasing function 
h : R+ ->• M+ such that 

£) = {( s ,t) eR 2 + ;0<t< h(s)}. 
Therefore, Corollary 12.31 (4) gives: 

-oo poo h p (s) r °° 




nri(s) 
u(s, t) dtds. 



'0 Jh(s) t P JO JO 

With / = Xd-i w e have: 

fl if < t < 

S2f(s,t) = ( h ^ 

Iterating we can prove that, for every m G N, 



if < h(s) < t. 



1 if < t < h(s) 



S?f(s,t) = S 2 o. m .oS 2 f(s,t) = lh(s)^l j t , 

—-^ > — log J — - if < h(s) < t 

Hence, if h(s) < t, we have that the following inequality follows easily 

(s?f(s t t)Y>> f^y_j_ log— 1 



OO /"OO 




t ; (m-1)! to h(s) 



h(c)\ p it r°° r h ( s ) 

M log" 1 " 1 -— u(s,t)dtds<C m / / u{s,t)dtds. 



and 



'o V * / (m- 1)! fc(s) ' Jo Jo 

Thus, taking a > max(C, l/p), and adding up in m: 




Jh(s) 



h(s) 



t 



u(s, t) dtds 



<Y,{-) J J u{s,t) dtds = C J J u(s,t)dtds 



and the result follows with e = l/cr. 

□ 
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It was proved in [3] that for the case of the identity operator (i.e., when considering em- 
beddings), one cannot, in general, replace the condition on all decreasing sets by just taking 
rectangles of the form [0, ai] x • • • x [0, a n ], aj > 0. However, in the case of product weights, 
both conditions were equivalent (see Theorem 2.5]). We will now show that in this context, 
u ( x ) = YYj=i u j{ x j) e BpiW^), factorizes very nicely as Uj G B p , for all j G {1, . . . , n}. 

Theorem 3.4 Let u(x) = YYj=i u j( x j) ^ B p (W+) be a product weight. Then the following 
conditions are equivalent: 

(a) u G B p (R%). 

(b) For every aj > 0, j G {1, . . . , n}, 



|([0,ai] x ••■ x [0,a n ])n([0,x 1 ] x ■ ■ ■ x [0, x n ])\ p ^ ^ 



»\([0,ai]x-x[0,a„]) (xi---X n )P 

<C / u(x) dx\ ■ ■ ■ dx n . 

J\0,ai]x — xFConl 



'[0,ai]x — x[0,o„] 

(c) Uj G B p , j G {1, . . . ,n}. 

Proof: As before, and by simplicity, we will work the details only for n = 2. 

If u G B P (M.+), then evaluating (jHJ) for rectangles of the form [0, ax] x [0, a 2 ] we get (b). 
Assuming now that (b) holds, we evaluate the condition to obtain: 

,/R2_\([0,ai]x[0,a 2 ]) {XxX 2 ) p 

j ux(xx)dxx\a 2 / 2 ^ p 2 ^ dx 2 + ( f u 2 (x 2 ) dx 2 J a\ f 1 p X dx\ 

JO J Ja 2 X 2 \Jo J Ja x x l 



+ (aia 2 ) p [ I U dxi) ( j U2 ^ X2 ' dx 



P III p 

a\ ^X / V J«2 2 



2 



raj \ / i>a 2 

<C[ j ux{xx)dx\\[J u 2 (x 2 )dx 2 



from which we easily deduce that, for j = 1,2, 

Oj f — ■ — p— — dx j ^ C f iXj[xj) dx j , 

Ja-i X i Jo 



and hence Uj G B p . 
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Finally, iterating the one- dimensional Hardy operator, and using the fact that u is a product 
weight, we deduce that 

which is (a). □ 



Remark 3.5 The equivalence between (c) of Theorem 13 .41 and the boundedness of the Hardy 
operator S : Lj ec (-u 1 M 2 ) — > L p (uiU 2 ), for the range p > 1, was proved in jl], by using an indirect 
argument related to the characterization of the normability property of some multidimensional 
analogs of the weighted Lorentz spaces (in particular this proof did not make use of the B p (W£) 
condition). For the case p = 1 one can even prove a quantitative estimate of the constant in 
the Bi condition, namely, if we set 



Sxd(s, t)u(s, t) ds dt 



MIbi«1) = SU P 



Ddecreasing / u(s,t)dsdt 
Jd 



then, ||mi(xi)m 2 (x2)|| j b 1 (ir2_) = IK \\b 1 \\u2\\b 1 - 

As we pointed out in Remark 13. 5| similar results to Theorem 13.41 can be obtained, for 
product weights, in more general settings (for example in N 2 , see 
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